Abstract. The regularized 13-moment equations (R13) are a successful macroscopic model to describe non-equilibrium gas flows in rarefied or micro situations. Even though the equations have been derived for the nonlinear case and many examples demonstrate the usefulness of the equations, sofar, the important property of an accompanying entropy law could only be shown for the linearized equations [Struchtrup&Torrilhon, Phys. Rev. Lett. 99, (2007), 014502]. Based on an approach suggested byÖttinger [Phys. Rev. Lett. 104, (2010), 120601], this paper presents a nonlinear entropy law for the R13 system. In the derivation the variables and equations of the R13 system are nonlinearily extended such that an entropy law with non-negative production can be formulated. It is then demonstrated that the original R13 system is included in the new equations.
1. Introduction. Gas flows in rarefied regimes or microscopic settings require specialized constitutive theories since the assumption of local thermal equilibrium is not valid. In these flows the Knudsen number, that is, the ratio between the mean free path of the particles and the observation scale, becomes significant and the classical constitutive laws of Navier-Stokes and Fourier in gas dynamics become invalid. For a more accurate description of the gas it is tempting to extend the set of variables, density, velocity and temperature by more fields like stress tensor and heat flux. This approach has been formalized by Grad [2] in his 13-moment theory within kinetic gas theory and investigated by many other authors, e.g. [7] .
Recently,Öttinger [10] proposed a new 13-moment theory, that comes with the desirable property of an entropy law, something Grad's equations are lacking. However, the new equations do not contain Fourier's law and are not able to describe heat conduction properly [15] and needed to be replaced [9] . Unfortunately, also the replacement equations suggested byÖttinger [9] remain questionable from the point of view of physical accuracy. The equations come with inconsistencies with respect to kinetic gas theory and important coupling terms between stress and heat flux are missing in the linearized form as presented in Sec. 3 below. Since these terms are responsible, e.g., for effects like a tangential heat flux in linear shear flows [12, 14] , physical accuracy for such processes cannot be expected. In addition, the
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new theory still fails to describe standard heat conduction correctly in the nonlinear regime.
On the other hand, over the last years a very successful 13-moment theory, called regularized 13-moment (R13-)system, has been derived rigorously within kinetic gas theory [13] . The R13 system allows to formulate boundary conditions [4, 22] and good accuracy has been demonstrated in various non-equilibrium test problems for example in [12, 21, 18, 16, 20] . Up to now, an entropy law had only been possible to obtain in the linearized case [14] .
This paper closes the gap and presents an entropy law for the regularized 13-moment equations. For this purpose a non-linear extension of the R13 equations is constructed within kinetic gas theory, that allows an entropy law with non-negative entropy production. Key ingredient is the special choice of variables suggested bÿ Ottinger in [10] . We will show that hydrodynamic relations are obtained in the limit of small Knudsen numbers and the system indeed reduces to the R13 equations for small values of stress and heat flux. The derivation procedure is based half-way between kinetic theory and phenomenological thermodynamics. On the one hand the choice of variables and basic structure of the field equations is implied from kinetic theory, but then the requirement of the existence of an entropy gives a very restrictive constitutive theory, like in [7] .
2. Regularized 13-moment equations. We will briefly review the regularized 13-moment equations (R13) derived in [13] . In the R13 system the gas dynamic variables, mass density ρ(x, t), velocity v i (x, t), and temperature θ (x, t), are extended by the temperature tensor Θ ij and the heat flux q i of the gas. This extension is motivated from kinetic theory for monatomic gases [7, 12, 8] where these fields are moments of the probability density function f (c, x, t) of the particle velocity c. Mass density and velocity follow as first moments of the distribution function. Based on the peculiar particle velocity C i = c i − v i and the averaging operator a(C) := 1/ρ a(C) f dC we find for the temperature tensor Θ ij = C i C j . The temperature of the gas is given by θ = Θ kk /3 (in energy units) and the stress tensor σ ij follows from σ ij = ρΘ ij , where angular brackets denote the deviatoric (tracefree) part. Round brackets will be used for the symmetric part of a tensor. The half of the trace of the third momentq i = 1 2 C i C 2 k is the specific heat flux, which is related to the heat flux (as volume density) by q i = ρq i . In [13] the R13 equations have been written with σ ij and q i but we use temperature tensor and specific heat flux in anticipation of the approach ofÖttinger [10] .
2.1. Equations. We assume the distribution function f obeys a kinetic equation of Boltzmann type, viz.
with some collision operator S (f ). From the kinetic equation we deduce transfer equations for the above variables W = (ρ, v i , Θ ij ,q i ) that read
for conservation of mass and momentum, and
where the trace of the first equation is the conservation law of energy. In the equations the third moment M ijk = C i C j C k and the trace of the fourthR ij = C i C j C 2 k occur for which constitutive relations have to be given. The productions are computed for Maxwell molecules with relaxation time τ .
The theory of regularized moment equations, see [21] , yields constitutive relations for the remaining fluxes, namely
where the first parts are the closure relations of Grad [2] and the termsM ijk and R ij represent the regularization. The full expressions can be found in [21] , here we give only the leading linear terms which read
The R13 system contains the hydrodynamic limit of classical gas dynamics (laws of Navier-Stokes and Fourier) and furthermore is asymptotically consistent with the nonlinear Boltzmann equation up to high order. The system has been demonstrated to successfully describe gas flows in non-equilibrium processes, see e.g., [12] .
2.2. Entropy. Any thermodynamic field theory with variable vector W should comply with an entropy law of the form
where h(W ) and ϕ i (W ) are entropy function and flux depending on the field variables and Σ (W ) represents a non-negative entropy production depending on the fields and possibly their gradients [7] . The entropy function and its flux need to be compatible with the microscopically reversible part of the field equation, that is, the first order part of a respective moment system
neglecting all dissipative and relaxational terms. Compatibility is then given by
where D W h and D W ϕ i are the Jacobians of the entropy and flux. This relation represents a generalization of the Gibbs equation of equilibrium thermodynamics. The dissipation and relaxation of the field equations enter the entropy production. For the linearized R13 equations the work of [14] presents an entropy law. The linearized equations describe small deviations of the fields from a ground state at rest and in equilibrium with given ρ 0 and θ 0 . The entropy function in this case is quadratic in the deviations and reads
where the deviations are denoted by (ρ, v i , Θ ij ,q i ). An entropy flux is given accordingly and the entropy production allows to deduce the dissipative regularization terms, see [14] .
For the nonlinear equations no explicit entropy law has been found so far. In principle the Boltzmann relation
with k the Boltzmann constant and y the minimum volume of a phase space element, could be used to find an entropy function from a distribution function depending on the field variables W . However, to find an explicit positive and integrable distribution function is a formidable challenge. The R13 equations are based on Grad's distribution function which is a good approximation, but exhibits small negative values for very large particle velocities (see [12] ), hence, the logarithm of the entropy functional cannot be computed exactly. An approximation close to equilibrium is found after expanding the logarithm and yields the expression [5] h
which includes the classical entropy h = ρ ln θ 3/2 /ρ . The entropy of Grad in (14) can be related to the quadratic entropy for the linearized setting (12) after realizing that we can add multiples of conserved quantities like the total energy ρe = ρ( ) and the density ρ, to the entropy h = ρη without changing its non-negative production. If we define h = ρ (η − η 0 ) − ρ (e − e 0 ) /θ 0 + (ρ − ρ 0 ) with η 0 and e 0 as entropy and energy at ground state and expand quadratically within the linearized setting given above, we find (12).
3. 13-moment theory ofÖttinger. In the papers [10] and [9] Öttinger presents a new set of 13-Moment equations motivated from the framework of GENERIC ('General Equation for the Non-Equilibrium Reversible-Irreversible Coupling'), see [8] . The new equations are constructed such that a compatible entropy law with nonnegative production exists and the non-dissipative equations follow a generalized Hamiltonian dynamics.
One of the significant differences in the new equations is that in the set of variables the heat fluxq i ∼ M ijk δ jk is replaced by the auxiliary vectorial quantity
This is justified by the fact that the temperature tensor induces a geometry in the phase space and should be used as non-cartesean metric instead of δ ij . The vector s i is then the covariant contraction of the third moment of the distribution function. It turns out that this variable is also the more appropriate variable when it comes to the construction of an entropy law. An immediate physical interpretation of the new variable s i is difficult. To some extent it must be viewed as an internal auxiliary variable that is used to accurately describe the state of the gas. We will later see that s i can be related to the entropy flux.
3.1. Equations. We will only present the corrected equations given in [9] . Mass and momentum balance are identical to the R13 system. Adjusted for the present notation and using the suggested values for the parameters b = 1/20, and F = 5/3 the equations for temperature tensor and auxiliary vector read
where the abbreviation φ = s i Θ −1 ij s j is used. The only remaining closure relation is the relaxation tensor
ij , where D = 4/3 is implied to ensure a Prandtl number Pr = 2/3 in the hydrodynamic limit when setting τ = µ/p.
The trace of the equation for the temperature tensor yields the energy balance from which we can read off the expression for the heat flux of the gas
ρθs i (18) related to the vector s i . It can be shown that both the law of Navier-Stokes for the viscous stress as well as Fourier's law of heat conduction are contained in the above equations in the hydrodynamic limit.
The equations furthermore admit a compatible entropy law in the form
with entropy function
3.2. Inconsistencies. Though derived with best intentions the new set of equations given byÖttinger remain physically highly questionable. The corrected version of [9] contains the hydrodynamic limit but gives physically incorrect results as shown below. The reason is a strong inconsistency with Boltzmann's equation.
In fact both equations for temperature tensor and auxiliary heat flux cannot be derived from Boltzmann's equation by means of transfer equations with an appropriate closure for higher moment fluxes. This structure has been abandoned in [10] in order to satisfy an entropy law and Hamiltonian structure.
3.2.1. Linear Case. The inconsistency of the equations becomes most apparent when linearized and compared to the equations implied by Boltzmann. As above we denote by (ρ, v i , Θ ij , s i ) small deviations from a ground state at rest and equilibrium with ρ 0 , θ 0 , and p 0 = ρ 0 θ 0 . In particular, we consider the deviations of the temperature deviator Θ ij , which is related to the stress tensor by σ ij = ρ 0 Θ ij , and of the auxiliary vector s i which is related to the heat flux by q i = ρ 0 θ 0 s i /2 in the linear setting. For these the linearization of (16)/(17) yields
It is easy to see that for small τ an asymptotic expansion of stress and heat flux would yield the classical laws of Navier-Stokes and Fourier.
The same linearization can be conducted on the R13 equations (5) and (6) (neglecting the regularization) and we find
which differs from the equations above. In fact, the coupling terms (underlined) between heat flux and stress tensor are missing in the theory ofÖttinger. However, these terms can be identified to be responsible for an accurate description of nonequilibrium effects like tangential heat fluxes in Couette and Poiseuille flows, see [12, 17] . Note that, even though the R13 equations were linearized here, (22) can be derived also from the general transfer equations with very weak assumptions [11] .
3.2.2. Nonlinear Case. Asymptotic expansion also yields the hydrodynamic limit for the nonlinear equations (16)/ (17), but non-classical nonlinear contributions in heat flux influence the solution even in the equilibrium situation. To test the new equations in a nonlinear setting we consider 1-dimensional, steady heat conduction between two infinite walls at x 1 = 0 and x 2 = 1. The walls are kept at different temperature θ 1,2 such that the relative temperature difference may be significant and linear equations cannot be used. The equations imply for this setting nontrivial results for the temperature θ(x), the normal heat flux q(x), pressure p(x) and diagonal component of the temperature tensor Θ 11 (x). If the relaxation time τ is fixed by viscosity data τ = µ (θ) /p we quickly find for the given setting a nonlinear diffusion equation for the temperature
where φ is given by the implicit relation 
such that for φ = 0 the pressure becomes constant. The density is fixed by the total mass requirement 1 0
ρ(x)dx = 1. Note, that these equations follow for any Knudsen number of the problem. In the following we think of hydrodynamic conditions and investigate the influence of the nonlinear parts of the equations.
It is straightforward to formulate the numerical solution as a fixpoint iteration of linear problems. For the case of θ 2 /θ 1 = 1.3 the solution is depicted in Fig. 1 . The space coordinate is scaled by the dimension of the channel, the temperature θ 2 serves as temperature scale. Pressure is scaled by ρ 0 θ 1 , where the average density ρ 0 follows from the total mass in the channel. The plot also shows the result of the classical nonlinear Fourier theory. The process is considered to be macroscopic (Kn 1) and there is no reason hydrodynamics and Fourier's law would not be valid. Additionally, the temperature jump is negligible.
The temperature profile differs only little for both theories, and the difference could be adjusted by using different temperature exponents of viscosity. On the other hand the pressure result shows strong differences. While Fourier predicts an increased but constant pressure,Öttinger gives a pressure variation of almost 20% across the channel. This is in clear discrepancy with classical results [3] and also not observed in experiments. The result manifests a dramatic failure of the new system.
4. H-Theorem for the R13 equations. The above discussion of the inconsistencies ofÖttinger's equation leads to the conclusion that even though mathematically desirable structure elements like entropy and Hamiltonian dynamics are given, physical accuracy of the solutions cannot be expected. Indeed, the variables suggested byÖttinger, and the idea of using Θ ij as a metric, can be tied into the framework of kinetic theory more closely. The next sections show how this can be done. We note that the approach ofÖttinger [10] aimed for Hamiltonian structure, which went to the expense of alignment with kinetic theory. The approach presented now is well aligned with kinetic theory, but the Hamiltonian structure of GENERIC remains open.
4.1.
Variables and evolution equations. Boltzmann's equation implies a general evolution for the new auxiliary variable
jk , which is a nonlinear combination of moments. The third moment M ijk = C i C j C k obeys the transfer equation
containing the fourth moment R ijkl = C i C j C k C l . Here we again assumed simple relaxation expressions for the dissipative production terms with relaxation time τ M . Based on the transfer equations for temperature tensor (5) we can derive a generic evolution for s i which is consistent with kinetic gas theory; it reads
where D ij s j /τ s abbreviates an expression that combines the collision integrals of Θ ij and M ijk .
FollowingÖttinger, we now consider the 13 fields (ρ, v i , Θ ij , s i ) as the basic variables to describe the gas. However, field equations for these variables should be based on the transfer equations implied from the kinetic equation above and, ideally, require closure relations solely for the higher moments M ijk and R ijkl , and possibly the relaxation factor D ij .
4.2.
Closure and entropy law. The existence of an entropy law for a specific entropy η, entropy flux ψ i and non-negative entropy production Σ ≥ 0,
will serve as restrictive constitutive theory to find a closure for the field equations.
For simplicity we will consider η as specific entropy per particle in units of Boltzmann's constant in the following resulting in a dimensionless value η. The existence of an entropy law implies the partial derivatives of the function η(ρ, v i , Θ ij , s i ) build an integrating factor for the system of evolution equations as discussed in Sec. 2.2. Initially, the entropy function and its flux are considered unknowns for which a constitutive relation has to be found as well, [7] . We assume that in equilibrium the partial derivatives of η with respect to equilibrium variables reduce to the expressions known from classical thermodynamics. Furthermore, the main Θ ij -dependence of entropy is taken from the 10-moment theory (Gaussian closure) which possesses a complete theory of entropy, see [6] , and Hamiltonian structure as shown in [8] .
For dimensional reasons the vector variable s i enters the entropy via the expression
ij s j , using the temperature tensor as metric again. Hence, a natural ansatz for the entropy is
InÖttinger [10] this expression is supported by a special model for the distribution function of the gas. For the partial derivatives of the entropy we find ∂η/∂ρ = −1/ρ, and ∂η/∂v i = 0, as well as
with an unknown factor b, which is the derivative of E and could be a nonlinear function of scalar invariants. The derivation of the entropy law suggests to take b = const which is also used in [10] , even though this is a strong assumption to be discussed in Sec. 6. Using these expressions the specific entropy reads
and the entropy law is now given by
where the evolution equations (2)- (5) and (27) have to be inserted. The right hand side has to be converted into a flux expression and a non-negative production giving rise to very restrictive conditions on the constitutive relations for M ijk , R ijkl and D ij . A proper use of partial integration and thorough coefficient comparison yields the result that with b = 1/20 and the relations
for the higher moments an entropy law can be established. Here, the remainders M ijk andR ijkl represent higher order dissipation terms that are discussed below. For consistency with the definition of s i , the remainderM ijk needs to be Θ −1 -tracefree such thatM ijk Θ −1 jk = 0. The part R ijkl has to be specified indirectly by the constitutive relation
linking R ijkl implicitly to lower moments. The corresponding entropy flux and entropy production follow in the form
where
kj . For consistency of notation we use τ Θ for the relaxation time τ of the temperature tensor in (5). The entropy flux is essentially given by the auxiliary vector s i .
With the closure (33) and (34) the final evolution for s i reads
whereM ijk ,R ijkl , and D ij remain to be specified.
Further exploitation.
Non-negativity of the resulting entropy production can be used to further refine the constitutive theory and find expressions for the flux remaindersM ijk andR ijkl , as well as the relaxation matrix D ij . From the second term in Σ we conclude that the matrix Θ −1 ikD kj needs to be positive semi-definite, e.g., by choosingD ij = D δ ij as suggested in [10] . This gives the relation
for the relaxation matrix of s i . Note that the dimensionless number D can be absorbed into τ s in (37), hence, D = 1 can be chosen without loss of generality. The dissipative termsM ijk andR ijkl can be interpreted as thermodynamical fluxes that are multiplied to gradient forces in the entropy production. To turn these terms into non-negative expressions we definē
with positive coefficients µ 1,2 . In principle, also nonlinear cross effects could occur such that products of the vector s i enter the expression forM ijk . These effects are neglected here. Note that the definitions above follow the rule to use the temperature as covariant metric for contraction of tensors. In both expressions the free indices need to be symmetrized and additionallyM ijk is required to be Θ −1 -tracefree. After simplifications we find regularization expressions [13, 14] given bȳ
where again all free indices need to be symmetrized andM ijk is Θ −1 -tracefree. Altogether, the entropy production reads
that is, the fluxes appear as non-negative quadratic forms in covariant formulation with inverse temperature tensor as metric. This procedure mimics the strategy of classical linear irreversible thermodynamics and the resulting system of equations represents a special version of regularized 13-moment equations with accompanying entropy law.
5. Consistency. The new equations need to be checked for consistency. This includes to investigate the hydrodynamic limit and the consistency with the transfer equations of kinetic gas theory.
Hydrodynamic limit.
To investigate the hydrodynamic limit we assume that in an appropriate dimensionless formulation τ Θ , τ s , µ 1 , µ 2 = O (ε) with ε proportional to the Knudsen number. We then study the asymptotic expansion
From the construction of D ij in (39) we find D ij = δ ij +O (ε) and with this the final evolution for s i in (37) suggests that s 
as first order approximation. For s i we first find s
2 we obtain Fourier's law
as first approximation for the heat flux. The proper Prandtl number is produced by choosing τ s = 3/2τ Θ . Furthermore, the leading order of the entropy expression (31) gives η = ln θ 3 /ρ 2 and for the entropy flux (35) ρψ i = 2 q i /θ, which is, up to a factor of 2, equivalent to the classical expressions for entropy and entropy flux [12] .
5.2. Gas-kinetic consistency. The closure relations of the regularized 13-moment equations given in Sec. 2 are linear in the non-equilibrium variables like stress and heat flux as well as higher moments. This is the consequence of Grad's velocity distribution being linear in these quantities. We will show below that the new closure theory reduces to the R13 system when linearized in stress and heat flux.
We assume stress σ ij and heat flux q i , but also M ijk as small and neglect products of these variables. For the auxiliary vector s i we find in first order
which can be used to derive an approximate evolution forq i . We have
and with the evolution of Θ ij according to (5) and the evolution of s i in (27), it follows after neglecting products of the non-equilibrium quantities
with R ij the trace of R ijkl . This equation is identical to (6) of the regularized 13-moment equations after using the relation τ s = 3/2τ Θ and neglecting the product of the temperature tensor as justified in [11] . The constitutive relations (33) reduce in first order to
which is identical to (7) after taking the trace of R ijkl . For the regularization terms we findM
where the first line is identical to the first part in (8) . The expression forR ij contains the terms
which exhibits the same structure as in (8) . Identical leading coefficients could be produced by proper choice of the coefficients µ 1,2 . Note however, that the ratio between deviator and trace of the gradient of the heat flux is fixed to be 10/21 while the regularization of Grad gives 5/6 in (8). The above expression forR ij also contains terms proportional to the temperature gradient. Such terms are also present as nonlinear contributions in the regularized 13-moment equations, see [12] , but with different coefficients. It is also easy to show that the entropy function in (31) with b = 1/20 coincides with the entropy of Grad in (14) when only quadratic combinations of stress and heat flux are considered.
Altogether we conclude that the new theory can be viewed as a non-linear extension of the regularized 13-moment theory. In particular, all linearized results, e.g., in [16, 20, 14] , can be considered valid also for the new system. 5.3. Steady nonlinear heat conduction. It remains to show that the new equations are able to predict steady nonlinear heat conduction whereÖttinger's equations fail as shown in Sec. 3. We will consider the equations (2)- (5) and (37) with (33) but neglect regularization terms.
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In the setting described in Sec. 3.2.2 the trace and first deviatoric component of the equation for temperature tensor (5) with (33) reduces to
where we abbreviatedq 1 = ρθs 1 /2. The evolution (37) for s i gives the relatioñ
(57) when using τ s = 3/2µ(θ)/p. Inserting this into (55)/(56) gives a coupled system of Poisson equations for θ(x) and Θ 11 (x) with relaxation for the deviatoric temperature. Because this gives Θ 11 = const in general the pressure will be not constant. But in contrast toÖttinger's theory in Sec. 3.2.2 the solution Θ 11 (x) depends on the Knudsen number of the system. For Kn → 0 the temperature becomes isotropic Θ 11 = 0 and the nonlinear contribution of Θ 11 in (55) vanishes. The system then reduces to the classical nonlinear Fourier law with constant pressure. Nonlinear effects in pressure for larger Knudsen numbers are well known, see e.g., [17] . The implications of the new equations in this regime will be studied elsewhere.
6. Discussion. While the linear version of the original R13 equations can be considered well established through the study of many different processes [16, 20, 14] , the picture is less complete for the nonlinear version. The equations have been derived fully non-linear and high asymptotic accuracy is valid also for the non-linear case [21] . But the original nonlinear R13 system seems not to come with an entropy law, nor to possess an underlying generalized Hamiltonian structure [8] or real valued propagation speeds for large non-equilibrium, that is, global hyperbolicity [18] in the non-dissipative part of the equations. In fact, all of these objections are already true for the nonlinear 13-moment equations of Grad [2] contained in the R13 system when neglecting dissipative effects. These properties need to be established on the one hand to guarantee that the linear equations originate from a reasonable nonlinear system and on the other hand to provide a model that can cope with nonlinear processes. We will shortly discuss the newly proposed system of this paper and its relation to recent models. See Fig. 2 for an overview of models and properties.
Loss of hyperbolicity is not the focus of this paper but it is put forward as criticism against moment equations frequently, see [7] . The use of a Pearson distribution [19] instead of the Grad distribution leads to a nonlinear 13-moment system that exhibits global hyperbolicity, that is, real-valued signal speeds for any non-equilibrium. The Pearson theory manipulates only expression for the highest fluxes and, hence, by construction the final equations are both linearly and nonlinearly consistent with the transfer equations of kinetic gas theory. Unfortunately, no statement can be given about nonlinear entropy or Hamiltonian structure.
On the other hand,Öttinger [10, 9] focuses on entropy and derives a theory that comes with nonlinear entropy and Hamiltonian structure. However, a direct computation of the eigenvalues of the flux matrix reveals complex-valued propagation speeds indicating a lack of global hyperbolicity, similar to Grad13 and R13. Furthermore, the constitutive assumptions and final equations cannot be related to the gas kinetic framework of transfer equations. This inconsistency with kinetic gas theory leads to very low physical accuracy of the equations as shown in Sec. 3 above.Öttinger argues that this might be the price to pay for the desired structural properties of the equations. This paper followsÖttinger but links the new theory as close as possible to the transfer equations of kinetic theory. Still, full consistency seems not to be possible. Indeed, the constitutive relation (34) for R ij is key to obtain an entropy law, but inconsistent with kinetic gas theory where higher order fluxes are closed by algebraic or gradient relations. Hence, full consistency cannot be expected. But (34) is nonlinear in non-equilibrium quantities and a proper choice of the leading terms in the constitutive relations (33) allows to establish at least consistency with Grad's theory which is linear in stress and heat flux. Interestingly, a Hamiltonian structure for the new system seems to be missing in return to the increased consistency, but this is subject of further investigations.
It should be remarked that the new theory also makes the strong assumption of a simple quadratic extension in (31) with b = const. It is imaginable, that a more nonlinear theory allows to increase the consistency and may also be required for Hamiltonian dynamics.
So far, both Pearson13 andÖttinger13 do not consider regularization expressions like in R13, which are indispensable for physical accuracy [16, 20, 21, 14] . In the new theory these appear as dissipative parts of the constitutive relations (33) in a completely natural way through the non-negativity requirement of the entropy production.
Still, global hyperbolicity remains absent also for the new theory as can be checked by numerically computing eigenvalues of the non-dissipative system. Fortunately, it is also known from the R13 system that the hyperbolicity domain is typically large enough to have predictive equations [21, 18] . Mathematically, sufficient conditions for global hyperbolicity are a convex entropy and field equations in balance law form [1] . Both conditions are not satisfied in the present theory as well as in [10, 9] . In fact, the entropy function ofÖttinger and in (31) can be made convex only sufficiently close to equilibrium as shown in the linearized expression in (12) . Note, that the entropy production remains non-negative for any value of the fields, i.e., any strength of non-equilibrium. Hence, local convexity is sufficient for thermodynamic stability. Global convexity could also be achieved by appropriately choosing b = const in the entropy (31), even though this can not be done in a straightforward way.
7. Conclusion. We have seen that thermodynamic field equations with desirable structural properties like entropy and Hamiltonian structure still need to be checked very carefully for physical accuracy. The 13-moment equations ofÖttinger proposed in [10, 9] have these properties but fail due to inconsistencies with kinetic gas theory. Still, the approach -especiallyÖttinger's choice of variables -can be used to establish a nonlinear extension of the regularized 13-moment equations which allows to formulate an entropy law with non-negative production and (locally) convex entropy. The R13 system has been a successful model for gas flows in rarefied regimes and micro settings over the recent years. The existence of an underlying entropy law increases the confidence in this advanced model. The new extension of the R13 equations needs to be studied for nonlinear processes like shock waves and shock tubes.
Appendix A. Details of the derivation. Below we give the derivation of the entropy flux (35) and give more details about the constitutive relations (33) and (34).
For the entropy law we start with the partial derivatives of the entropy and the evolution equations for density (2), temperature tensor (5) and the auxiliary vector s i (27). For consistency of notation we use τ Θ instead of τ for the relaxation time of the temperature tensor in (5). We have
which gives
where all the terms containing the velocity gradients cancel each other. This gives
where we use the product rule on the first term in order to obtain the expression leading to the classical entropy flux. Furthermore we collect the relaxation expressions and find
This right-hand-side needs to be written as a flux and a definite production term. It is possible to yield further cancelations if we assume the constitutive expressions
for the unknown moments M ijk and R ijkl . The remainderM ijk andR ijkl are included to contain dissipative relations. The extra term R ijkl is used below. The relation for M ijk is the natural assumption following from the definition of the variable s i and the condition thatM ijk is Θ −1 -tracefree. The expression for R ijkl , in fact, follows also from the Gaussian closure [6] and contains the Grad closure [12] in the linear limit.
When inserting these relations into the third line of (61) we get for the leading terms 
The last line can only be canceled with the constitutive assumption
such that we find the entropy law in the form
The second line can be shown (with some assumptions on D ij ) to contain only definite expressions. The last line can be made to have a sign by assuming gradient relations for the dissipation partsM ijk andR ijkl . The above entropy law yields the entropy flux (35) and production (36).
